Abstract. In this note we describe a procedure of calculating the number all regular tetrahedra that have coordinates in the set {0, 1, ..., n}. We develop a few results that may help in finding good estimates for this sequence which is twice A103158 in the Online Encyclopedia of Integer Sequences [13] .
INTRODUCTION
The story of regular tetrahedra having vertices of integer coordinates starts with the parametrization of some equilateral triangles in Z 3 that begun in [9] . There was an additional hypothesis that did not cover all the generality in the result obtained in [9] but it was removed successfully in [2] .
A few other related results appeared in [10] and [11] . In this note we are interested in the following problem.
How many regular tetrahedra, T (n), can be found if the coordinates of its vertices must be in the
set {0, 1, ..., n}? We observe that A103158 = 1 2 T (n), see [13] . This sequence starts as in the next  tables:   n  1 2 3  4  5  6  7  8  9  10  11  A103158 1 9 36 104 257 549 1058 1896 3199 5154 7926   n  12  13  14  15  16  17  18  A103158 11768 16967 23859 32846 44378 58977 77215 .
Using our method which is going to be described later we extended this sequence for all n ≤ 100, and one can go far enough with this if time allows and powerful computer is used.
The rest of the terms are included at the end of the paper. Our approach begins with looking first at the faces of a regular tetrahedron, which must be equilateral triangles. It turns out that every equilateral triangle in Z 3 after a translation by a vector with integer coordinates can be assumed to have the origin as one of its vertices. Then one can show that the other triangle's vertices are contained in a lattice of points of the form In general, the vertices of the equilateral triangles that dwell in P a,b,c form a strict sub-lattice of P a,b,c which is generated by only two vectors, − → ζ and − → η (see Figure 1 ). These two vectors are described by the Theorem 1.1 proved in [2] . Then for every m, n ∈ Z (not both zero) the triangle OP Q, determined by into account all permutations and changes of signs is given in a 1999 paper of Hirschhorn and Seller [8] :
Even more important for our purpose is the calculation of the number of primitive representations of d as in (4) We remind the reader that, if p is prime then
.
We observe that the same type of prime partition are used into different calculations in both formulae (5) and (6) . We have mentioned that the number of positive ordered primitive representations for d = 2009 was 294. This is exactly the number given by (6) modulo the number of permutations and changes of signs: indeed, 2009 = (41)(7 2 ), ( (1 − For k ∈ N, we let Ω := {(m, n) ∈ Z×Z : m 2 −mn+n 2 = k 2 }. In [9] we showed that every regular tetrahedron with integer coordinates must have side lengths of the form λ √ 2, λ ∈ N, and in [11] we have found the following characterization of the regular tetrahedrons with integer coordinates. 
Conversely, if we let a, b, c and d be a primitive solution of (4), let k ∈ N and (m, n) ∈ Ω(k), then the coordinates of the point R in (8) , which completes the equilateral triangle OP Q given as in (2) and ( The following graph ( Figure 2 ) is constructed on the positive ordered primitive solutions of (4), with edges defined by:
, are connected, if and only if
for some choice of the signs and permutation
Equation (9) 
, gives rise to a minimal tetrahedra (the side lengths are at most max{d 1 , d 2 } √ 2) which is determined up to the set of isometric transformations that are generated by the symmetries of the cube C(m) where m is the size of the smallest "cube" {0, 1, · · · , m} 3 containing the tetrahedron or a translation of it.
Some preliminaries
We would like to have a good estimate of the primitive solutions of (4) which satisfy in addition 0 < a ≤ b ≤ c. Let us observe that we cannot have a = b = c unless d = 1. So, the counting in (6) via (7) would give what we want if we can count the number of positive primitive solutions of the following equation in terms of d:
A similar description to the Pythagorean triples, which gives the nature of the solutions of (10), is stated next.
THEOREM 2.1. For every positive integers l and k such that, gcd(k, l) = 1 and k is odd, then
a, c and d given by
constitute a positive primitive solution for (10) .
Conversely, with the exception of the trivial solution a = c = d = 1, every positive primitive solution for (10) appears in the way described above for some l and k.
PROOF. First, one can check that (11) satisfy (10) for every l and k. As a result it follows that a, c and d are positive integers. Let p be a prime dividing a, c and d. Then p must divide
and so p is equal to 2, p divides k or it divides ±l − k. If p = 2 then, p must divide k but this contradicts the assumption that k is odd.
In case p is not equal to 2 and it divides k, we see p must divide
Since we assumed gcd(l, k) = 1 it remains that p must divide ±l − k. By our assumptions on k and l, p cannot be equal to 3. Then p divides ±a + (±l − k) 2 = 3l 2 . Because p = 3 then p must divide l 2 and so p should divide l and then k. This contradiction shows that a, c and d cannot have prime common factors. So, we have a primitive solution in (11) .
For the converse, let us assume that a, c and d is a positive primitive solution of (10), which is different of the trivial one. We denote by u = gives the lines y + 1 = t 1 (x + 1), y + 1 = t 2 (x − 1), y − 1 = t 3 (x + 1), and y − 1 = t 4 (x − 1), passing through (u, v) and one of the points mentioned above. Hence, the slopes t 1 , t 2 , t 3 , and t 4 , are rational numbers. This gives expressions for the point (u, v) in terms of t i (i = 1, ..., 4). Let us assume that t i = k i l i with k i , l i ∈ Z, written in the reduced form. Then we must have and so, these equalities give
, and
We claim that the function
, that would imply that the corresponding numerators in (12) are equal. This gives enough infirmation to conclude a contradiction. There are 4 2 = 6 possibilities here but we are going to include the details only in the case i = 1 and j = 2. The rest of the cases can be done in a similar fashion. For this situation we have, 2l 2 1 + 2k
The first equality implies
which substituted into the second equality gives
Because √ 3 is irrational, the last equality is impossible for k 1 , k 2 , l 2 integers and k 1 nonzero.
For the other cases one will get a contradiction based on the facts that A similar argument to the one in the first part of the proof shows that the fractions in the righthand side of the equalities of (12) gcd(x, y) = 1, is equal to 
A regular tetrahedron whose vertices are integers is said to be irreducible if it cannot be obtained by an integer dilation and a translation from a smaller one also with integer coordinates. An important question at this point about irreducible tetrahedra is included next. are the first three distinct primes numbers of the form u 2 + 3v 2 , u, v ∈ Z.
The Code
The program is written in Maple code and it is based on the Theorem 1.3. The main idea is to create a list of irreducible regular tetrahedra that can be used to generate all the others in {0, 1, 2, ..., n} 3 by certain transformations generating a partition for the set of all the tetrahedra.
Each such irreducible tetrahedron is constructed out of the equation of one face using Theorem 1.3.
One important problem that appears here is to make sure this list contains distinct elements, elements which may appear theoretically in this list from four different constructions, one for each face. It turns out that there is a simple way of making sure that this doesn't happen. As a result of these facts we first calculate all k ≤ n such that k 2 = m 2 − mn + n 2 has a solution with gcd(m, n) = 1. The result of this procedure for n = 100 is [1, 7, 13, 19, 31, 37, 43, 49, 61, 67, 73, 79, 91, 97]. These are all the natural numbers less than 100 which are primes of the form 3s + 1 or products of such primes. We noticed that it takes only a fraction of a second to execute this procedure if we limit n to be less than 10000, although it may time consuming for big numbers. So an alternative solution to this procedure may use a similar result to that in Theorem 2.1, to describe all the solutions of (16). For each k found by the previous procedure, there are usually at least eighteen solutions of (16) if signs and order are counted, but if we impose the conditions gcd(m, n) = 1, 0 < m, n and 2m < n, we slice these solutions by a factor of 18. Such a solution is going to be referred to as a primitive solution and these primitive solution of (16) n given by the procedure listofmn. The fourth point is then calculated using the formula (8). We are using only two of the possible values of m and n (m ′ = m, n ′ = n and m ′ = n, n ′ = n − m, in order to obtain two equilateral triangles that share a side, − − → OQ) since all other tetrahedra as in the figure below, can be obtained from these two by a simple translation, and as a result they will translate into the same minimal tetrahedron inside the first quadrant (see [11] ). if mx=floor(mx) and nx=floor(nx) and my=floor(my) and ny=floor(ny) then u:=mu*m-nu*n;v:=mv*m-nv*n;w:=mw*m-nw*n;
kvalues:=proc(n)
x:=mx*m-nx*n;y:=my*m-ny*n;z:=mz*m-nz*n; The tetrahedron obtained as a result of tmttopq is then transformed within the cube found above through all the translations, rotations and symmetries of the cube. We denote this orbit of T , by T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,T13,T14,T15,T16,   T17,T18,T19,T20,T21,T22,T23,T24 S:={T1,T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,T13,T14,T15,T16,T17,   T18,T19,T20,T21,T22,T23,T24};S; end: orbit:=proc(T) local S,Q,T1; Q:=convert(T,list);
S:=orbit1(T) union orbit1(T1); S; end:
We recall from [10] a few variables that we are going to use in this calculation also. The theorem used there applies as well to this case because it is a pure set theoretic result. The meaning of those variables here is:
(ii) m -the maximum of all the coordinates in a tetrahedron T computed by tmttopq, 
for all n ≥ m.
Hence, we need to calculate α, β and γ. The function in Theorem 3.2 is then implemented by In the above procedure, addup, we get every irreducible from the list L together with all their appropriate dilations to compute their contribution in the cube [0, n] 3 using the formula given by ln(n+1) , 1 ≤ n ≤ 100.
